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Abstract:

This paper deals with the inventory models of deteriorating products for which-demand rate depends on stock-level
as well as time and deterioration has been considered as linear function of time and constant.
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1 Introduction:

The classical EOQ model does not have involvement of stock level g or time t on demand rate. So many authors
have produced in past, several inventory models, taking the‘dependence of stock level or time on demand rate.
Gupta & Vrat (1988), Mandal & Phaujdar (1989) considered the stock dependent demand rate in their EOQ
models. Silver & Meal (1973) developed an approximate solution procedure for the general case of a
deterministic, time varying demand pattern. The classical no-shortage inventory problem for a linear trend in
demand over a finite time-horizon was analytically solved by Donaldson (1977). Ritchie (1984) obtained an exact
solution, having the simplicity of the EOQ formula, for Donaldson problem for linearly increasing demand. Deb
& Chaudhari (1987) discussed. the inventory replenishment policy for items having a deterministic demand
pattern with a linear trend and shortages. They developed a heuristic to determine the decision rule and sizes of
replenishment over a finite time horizon to keep the total cost minimum. Murdeshwar (1988) extended this work.
Deterioration is an important factor in-the study of some inventory models. Deterioration is defined as decay,
damage or spoilage of items such that it can not be used for its original purpose. Food items, drugs, photographic
films, pharmaceuticals and radioactive substances are some examples of items in which deterioration can take
place during the normal storage period of units. Therefore this loss must be taken into account in the analysis of the
system. Inventory models for deteriorating or Perishable products subject to exogenous demands have been
discussed by several authors. Ghare & Schrader (1963), Covert & Philip (1973) and Mishra (1975) discussed
inventory models in which.a constant or variable proportion of the on hand inventory deteriorates with time.
Mishra (1995) presented an inventory model with instantaneous stock replenishment, demand rate depending on
current stock level and a constant fraction of on hand inventory also deteriorates with time. He employed profit
maximization technique to yield the optimal solution. Some functional relationships existing between the demand
rate and current stock level were considered to establish the inventory model.

Gupta & Vrat (1988) developed an inventory model for stock dependent consumption rate. Hari Kishan &
Mishra (1995) discussed an inventory model with stock dependent demand rate and constant rate of deterioration.
Hari Kishan & Mishra (1997) developed an inventory model with exponential demand and constant rate of
deterioration with shortage. Several other authors have developed several inventory models for stock dependent
demand rate or time dependent demand rate during last decade for deteriorating products or non-deteriorating
products.
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In the above mentioned inventory models, the demand is either the function of stock level or time. But in some
cases demand may depend on both stock-level as well as time. For example, the products showing a seasonal trend,
has demand which depends on stock-level as well as time.

The present paper deals with the inventory models of deteriorating products for which demand rate depends on
stock-level as well as time and deterioration has been considered as linear function of time and constant.

2 Notations and Assumptions:
The following notations are used in this paper:
(1 C is the unit cost price of the item.
(i) C, the unit holding cost per unit of item.
(iii)  Siis the highest stock level.
(iv)  A'is the setup cost.
(v)  Tisthe cycle time.
The following assumptions are used in this paper:
(1) In section-A, the demand rate is assumed of the forms
(@) r(g) =aqg + b, aand b are constants
(b) r(@) = g*+c.
(i) The deterioration rate @ is assumed to be constant i.e. a fractional part &g deteriorates per unit time.
(iii) Shortages are not allowed.
(iv) In section-B, the demand rate is considered as the function of instantaneous stock level as well as time.
It is assumed of the form

©) r(a,t)=a+ 9% +&* +&
(d) r(a,t)=a+ B’ + 1e' + &
) r(a.t)=a+p9’? + &

3 Mathematical Models:
Section —-A:

Profit Maximization Technique:
Here the EOQ model has been developed in the case where the replenishment of the stock is instantaneous,
shortages are not allowed and the demand rate depends upon the current stock level as well as time. The total profit
per unit time during time T, obtained by Mandal & Phaujdar(1989) is given by
S—-[A+CS-C,G(S
z(s)="> [ G(S)] (1)
F(s)

where p denotes the unit selling price of the item, A the setup cost, C the unit cost price of the item, C, the unit
holding cost per unit of item and S is the highest stock level.

Also F(S)zf%zT, (2)
and G(S):J.Sﬂ. ...(3)

> r(q)

The optimum value of S for the total maximum profit per unit time is a solution of Z’(S)zO provided
Z”(S) < 0 for that value of S. Thus for optimal value of S, expression (1) implies

F(S)(p-C)-C.G'(S)l=F'(Sk(p-C)s-A-CG(S). ...4)
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where prime denotes the derivative w.r.t. S. Equation (4) is in general a non-linear equation in S which can be
solved, numerically, by Newton-Raphson method if the explicit form of r(q) is known. The optimal cycle length is
given by F(S*) where S* is the optimal value of S.

Let g(t) be the inventory level at any time t, égt be the deterioration and tr(q) be the demand rate. Let T be the
length of each cycle of inventory. Then the differential equation governing the system is given by

(;—?wqt =-tr(q)

or ‘;_‘3 — (g +r(Q)k ..(5)

Considering q(0)=S and q(T)=0, the length T of each cycle is calculated by using equation (3.5) as
[[at=] da
0 O Qg+

T? s dq

or - = 06q+r=f(s),(say) ...(6)
or  T=+2/f(s)=F(3), (say) A7)

Now we consider the following two forms of r(q):
(1) r(q) = aq + b, a and b are constants

(i r(a) = q*+c
Case (i): Letr(g) =aq + b. Then (6) gives
TP _f__dq
2 é+aq+b

b
or T = /(aie) |og[(""+‘9b)S +b} ~F(S) (say) e

Differentiating (8) w.r.t. S, we get

el 1 (a+0)
i (S)_[(a+9)8+b] Zlog{(aﬂé?)s +b} )
b
Also from (5), on integrating we have
logl(a +0)a+b] __t* o ...(10)

(a+0) 2
where B is the constant of integration.
Applying the boundary conditions
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q(0)=S in (10), we get
log[(a+6)S +b]
B =
(a+0)
Therefore (3.10) reduces to
log[(a+@)g+b]  t* .\ log[(a+0)S +b]

(a+6) 2 (a+0)

b zt2/2 b
or =|S+—— e - .. (11
a [ a+¢9} a+é6 (1)

Now total amount of inventory during the cycle [0,T] is given by
T
G(S)=| qdt

=S[T—MT3}—¥

=sT_—[S(a+6‘9)+b]T3. ..(12)

Substituting the‘value of T from (8) in the above equation (12), we get

G(S):s{( Z |og[(a+<9)8+bﬂ%

a+6) b
—[S(a+60)+b]{(ai9)|Og{(a+628 +bﬂ%' .(13)

Differentiating the expression (13) w.r.t. S, we get
G(s)=| —* |og{(""+‘9)S +b} 1—glog{w} 2 e
(a+6) b 3 b 2
Finally, for the total profit to be maximum the optimal condition (4) using the values of F(S), F'(S), G(S) and
G'(S)from equations (8), (9), (13) and (14) respectively, implies

@Iog{(aﬂ?s +b} [(0-C)

—C{( 1 Iog{(aJre)S+bﬂ{l—§|og{wﬂ+%]

a+0) b b

Copyright@ijarets.org Page 4



International Journal Of Advanced Research In Engineering Technology & Sciences 1SSN: 2394-2819

Email: editor@ijarets.org November- 2014 Volume 1, Issue-2 www.ijarets.org

_ 1 (a+6) [(p-C)S-A

[(a+6)S +b] 2IOg[(a+ Gb)S + b}

_Cls{(aie) |Og[(a+ i)s +bﬂ%

6 a+o b

This is a non-linear equation in S which can be solved, numerically, by Newton-Raphson’s method. The optimal
cycle length is given by F(S*) where S* is the optimal value of S.
The condition for total average cost to be minimum is given'by p=0 in the above expression.

Case (ii): Let r(g) = g° +c. Then (6) gives

T
2 @a+qg®+c
[,
°q®+&y+c
[ dg
0 92
+ )Y+ a-—
@ 9 afa- |
- 48
g+?
-1 |t 2
o° 6°
a——— a———
N
- -0 i}
2
i)
= ! tan™ :
2
(a_gj (a—9J+9(S+0]
4 4) 2" 4

92
oo, (J

or T =—F|tan

o]

Differentiating (15) WLt S, we get

=F,(S), (say). ...(15)

Copyright@ijarets.org Page 5



International Journal Of Advanced Research In Engineering Technology & Sciences 1SSN: 2394-2819

Email: editor@ijarets.org November- 2014 Volume 1, Issue-2 www.ijarets.org

92 %
[a_4J 1
F(S)= . : ...(16)
J2(a+68)+S? 9°
S a—T
tan™
(a+68)
Also from (5) on integrating, we have
dq t?
.[2— =-— +B,
qg°+&g+a 2
7
2
or ! - tan™ 22 by B,. @)
a9 a9
4 4
Applying the boundary condition q(0) =S in (17), we get
52)
1 3ty
B, = tan' :
0? 0?
a—-— a-——
4 4
Therefore, (17) reduces to
o 0
< S+
1 1 ar 2 t? =] ( " 2)
tan - tan™ | ]
Nz 0? 2 0? 6’
a—— - a—— a-——
4 4 4 4
82
0 0> s+2 | ¢ Ty
or q=-—+,a—-—tan/ tan™ 2_ |- : ...(18)
2 4 > 2
a_i
4
Now the total amount of inventory during the cycle [0,T] is given by
T
Gl(s):L qdt
) 2
2 S+— t a——
IT 9 la-f |tandtan 2_|_ 4 1t ...(19)
o] 2 4 02 2
4

From (19) we can obtain the value of G,(S).
Finally, for the total profit to be maximum the optimal condition (4) using the values of F,(S), F/(S), G,(S)and
G/(S) from equations (15), (16) and (19) respectively, implies
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r 1%

[(p-3)-CG,(S)]

92 Vi
(a_4J 1
= [(p-C)S—-A
J2(a+68)+8? 02
S a—T
t -1
M (@a+o)
5 2
2 S+7 T a——
—le —Q+ (a—e—Jtan tan™ 2_|_ 41t ...(20)
o 2 4 02 2
-

This is a non-linear equation in S which can be solved, numerically, by Newton-Raphson’s method. The optimal
cycle length is given by F(S*) where S* is the optimal value of S.
The condition for total average cost to be minimum is given by p=0 in the above expression.

Section - B:

Cost Minimization Technique:

In this section, some bivariable demand rates have been considered for constant deterioration case. A cost
minimization criterion is applied to derive the total average cost per unit time of the system. Functional forms of
the demand-rate are:

() r(g.t)=a+ B9 + &%+
(ii) r(o,t)=a+ G5 +&" + &
(iii) r(g,t)=a+ A9%t° + &

E(isge(rlr)]émd rate be r(q,t) =a+ By +&* + 6. The total average cost per unit time is given by
K(a,t)=C(a+fq” +&* +6q)+—A (a+ B9 +&" +69) + C;:l q....(21)
Differentiating (21) partially w.r.t g, we haqve
X cp oAy AL (22)
aq q q 2
‘ZqK =yl =D+ S AR 2+ 2’;?1 (23)
Differentiating (21) partially w.r.t t, we have
K _con AT ...(24)
ot q
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2 A2
IR o A= ..(25)
q
Differentiating (22) w.r.t. t, we have
2 A-1
0 K:—AM: . ...(26)
aqot q
For K(q.t) to be minimum, the necessary conditions is
2 2 210 \2
alj 85 _| &K >0. ..4(27)
oq° )\ ot okot
2 2 2 2 21 V2
Total average cost K will be minimum if 0 |2< >O,%>Oand 0 f 2 |2< B[RCEIs >0at g=q" and t =t~
ot oq aq ot oqot
oK oK
given by E_O and E_O provided «, 3,7 and 6 >0 and > 2.
Case (ii):
Let the demand rate be r(q,t)=a + Ge® + &' + @ then total average cost per unit time is given by
K(a,t)= C(a + e + &' +6q)+EA (a + et +o"et)+%q
—ca+ SR e+ A% L cpr st etbe 1 At (2g)
q q q
Differentiating (28) partially w.r.t g, we have
q t
oK —09—& +cpBe? — Aﬂ 9. Aé;e ...(29)
aq q* q* q q
2
0 Ij 2Ax L Cpet + ZAﬂ 2A2,6’ o
aq g’ q’ q
A g 2A8 @0
q q
Differentiating (28) partially w.r.t. t, we get
%—C&‘ A5 ...(31)
ot q
2
0 |2< =C&' +£e‘. ...(32)
ot q
Differentiating (29) partially w.r.t. t, we get
2
ok :—A—fe‘. ...(33)
otoq q
For K(q,t) to be minimum, the necessary condition is
K _oand Ko
aq ot
q t
or  Co-D% cpn Mea AR AR
q* q q q
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and C5e‘+Tet =0. ...(34)
2 2 2 2 210 \2
The total average cost K will be minimum if %>O,%>O and 0 f 0 2( _| &K >0 at g=g* and
ot aq oq ot oqot
t=t* given by% =0 and GLS =0.
aq ot
Case (iii):
Let the demand rate be r(q,t)= a + 9°t? + &y then the total average cost per unit time is given by
K = (a+,6’q2t2 +6q)C +é(a + 9Pt + 6q)+ Cgl
q
:C05+C/3’q2t2JrC6q+éoz+Aﬂqt2+A6?+CZCl . ...(35)
q
Differentiating (35) partially w.r.t. q, we get
%=2Cﬂqt2+ce—éa+Aﬂt2 ...(36)
aq q
2
d f:ZCﬂt%CM%a. ...(37)
aq q
Differentiating (35) partially w.r.t:t, we get
%K = 2CLq%t + 2AL0t ...(38)
0°K
e =2CBq° +2AMA. ...(39)
Differentiating (38) partially w.r.t. ¢, we get
0°K
=4CHqt + 2AMt . ...(40
e A el (40)
For K(q,t) to be minimum, the necessary condition is
K 0 and K _ 0.
aq ot
or ZCﬂqt2+CH—A2a+A,Bt2 =0 ...(41)
q
and 2CAq°t +2AB0t =0. ...(42)

2 2 2 2 210 )2
The total average cost K will be minimum if 0 |2< >O,%>O and 0 f 0 }2( _[ oK >0 at g=q* and
ot 0 aq° \ ot aqot

t=t* given by (41) and (42).
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4 CONCLUSIONS:

In section-A profit maximization technique is used to estimate the optimal values of the stock level and the cycle
time to maximize the total average profit while in section-B cost minimization technique is used to determine
minimum average cost by determining the optimal values of the stock level and the time of the system
respectively. Several demand rates are considered to develop the models. In section-B, the demand rate is assumed
as the functions of instantaneous stock level as well as time. This is the more realistic situation.
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